Accuracy of a five-axis CNC machine tool is affected by a vast number of error sources. This paper investigates volumetric error modeling and its compensation to the basis for creation of new tool path for improvement of work pieces accuracy. The volumetric error model of a five-axis machine tool with the configuration RTTTR (tilting head B-axis and rotary table in work piece side A΄) was set up taking into consideration rigid body kinematics and homogeneous transformation matrix, in which 37 error components are included. Volumetric error comprises 37 error components that can separately reduce geometrical and dimensional accuracy of work pieces. The machining accuracy of work piece is guaranteed due to the position of the cutting tool center point (TCP) relative to the work piece. The cutting tool is deviated from its ideal position relative to the work piece and machining error is experienced. For compensation process detection of the present tool path and analysis of the RTTTR fiveaxis CNC machine tools geometrical error, translating current position of component to compensated positions using the Kinematics error model, converting newly created component to new tool paths using the compensation algorithms and finally editing old G-codes using G-code generator algorithm have been employed.
INTRODUCTION
Specifically, ample number of researches has been completed in the past to investigate and compensate for the errors in three-axis machine tools. However, five-axis machine tools have not been widely studied due to its complex machine structure. To this end, the error compensation of fiveaxis machine tools will be discussed. The five-axis machine tools are progressively renowned for developing the demand for machining the work piece with growing geometric complexity along with high accuracy [1] and have been given more and more consideration, due to the special advantages in manufacturing. In comparison with threeaxis machine tools, they have many advantages, which includes better versatility and flexibility, higher machining efficiency, as well as accuracy. Most common five-axis machine tools comprises three translation axis (T) and two rotating axis (R). According to machine configuration, three major types of five-axis machine tools are widely used in industry: (a) RRTTT type -two rotational axes attached to the machine spindle and three translational axes for the movements of table and spindle housing; (b) TTTRR type -three translational axes (x, y, and z axis) for the movements of table and spindle housing, and two rotational axes attached to the table; (c) RTTTR type -one rotational axis attached to machine spindle, three translational axes (x, y, and z axis) for the movements of table and spindle housing, and one rotational axis attached to the table. The volumetric errors of five-axis machine tools include three 208 total position errors and two rotation errors. In this article, five-axis machine tools with RTTTR configuration was evaluated for error kinematic chain modeling with tilting head and rotary table. The machine errors were found to directly influence accuracy of the machined work piece, which has many types. Due to their different causes, dynamic as well as thermally induced errors differ from geometric errors, resulting in distinct error compensation strategies. This article only deals with geometric errors and their effects; thus the error compensation discussed below is within the scope of geometric errors. In general, the error compensation works in the following process: Error identification; Error measurement; Error compensation.
Ramesh et al. [2] reviewed related research on machine error and pointed out that geometric and kinematic errors serve as framework for the basic inaccuracy of a machine tool. Error synthesis method is an important error identification method for the machine tool, which is capable of obtaining the total error in terms of individual error components. The primary focus of this method is volumetric error modeling and compensation. Volumetric error modeling of the machine tool is generally taking into consideration rigid body kinematics, in which homogeneous transformation matrix (HTM) is used to represent the coordinate transformation between each rigid body frame with its reference coordinate system [1] . The Homogeneous Transformation Matrices (HTMs) in connection with the rigid body kinematics have been adopted extensively to derive the machine tool errors, due to the convenience of expressing machine tool deviations and simplicity in modelling the machine structure systematically [3] [4] [5] [6] . According to the theory, a machine tool of several moving linkages in addition to a five-axis machine tool is formed; machine tool errors are as a result of linkage errors and motion errors [7] . Matrices usually helps to express different error sources in linear and rotary axes. With a sequential multiplication of these specified HTMs following the order of the kinematic chain, the method is able to determine the position and orientation of the tool with respect to the work piece. After the error sources are identified, the second step is conducted to evaluate them using certain measuring techniques. As suggested in the preceeding step, it is necessary to obtain the values of errors in order to calculate the machine accuracy. Thus various measurements are conducted to deal with different types of error sources. As soon as the errors are identified and determined, compensation is then needed for enhancing the accuracy of the machine tool. Much information can be obtained in the related field of volumetric error modeling of five-axis machine tools. Kiridena and Ferreira [1] presented an approach to mapping the effects of the positioning errors on the volumetric accuracy of a five-axis machine tool, based on the rigid body kinematics and D-H transformation matrix. Srivastava et al. [8] depicted an orderly technique for the improvement of geometrical and thermal errors in view of the kinematic analysis of machine structure. The presented method directly took into account the shape and joint transformations for inaccurate links and joints in place of using D-H transformations.
Jha and Kumar [9] used a generalized volumetric error model of a five-axis machine based on D-H transformation matrix for geometric error compensation, which improved the quality of the CAM profile creation experiment. Lei and Hsu [10] reported another test ball measurement device that helps directly measure the overall position errors of a five-axis machine tool. The volumetric error modeling was conducted as a theoretical explanation based on rigid body kinematics and HTM. Several scholars [4, [11] [12] [13] [14] analyzed the volumetric error synthesis model of a multi axis machine based on this method and revealed its effectiveness. Bohez et al. [15] proposed another approach to recognize and compensate all the systematic geometric errors of five-axis milling machines. The mathematical model was based on a first-order rigid body model of the machine tool with angular errors that can be identified independently of the translational errors. Previous literature indicate that most error modeling studies mainly aimed at error compensation and accuracy improvement of the machine tool. Regarding sensitivity analysis of machine tool error, Huang et al. [16] used error mapping function to analyze the source errors affecting the uncompensatable pose error for a three-DOF parallel kinematic machine. Hong et al. [17] examined the influence of position-dependent geometric errors of rotary axes on cone frustum machining test in the five-axis machine tool. Lee and Lin [18] investigated the effect of each assembly error term on volumetric error of a five-axis machine tool according to form-shaping theory.
The above work acquired some positive results; although, more research needs to be conducted on compensation of the volumetric error of the five-axis machine, this paper will focus more on volumetric error modeling and its compensation of a five-axis machine tool. The findings observed are connected into the accuracy five-axis machine tool with the configuration of RTTTR for enhancement and production of accurate work pieces. The machining experiment will be conducted to test the compensation algorithm.
KINEMATIC MODELS FOR GEOMETRIC ERROR IDENTFICATION

Geometric error definition for the rotary axis
The vertical machining center examined in this paper has three linear axes with one rotation axis in tool side and another rotation axis in work piece side. The movement in all axes is controlled simultaneously. This configuration takes into consideration the control of position, like a three-axis machine tool, with the two additional rotational axes giving the additional advantage of controlling the orientation of the tool with respect to the work piece. The schematic diagram of five-axis machine tool used in this article is shown in Figure  1 , which has the tilting head and rotary table with the configuration of RTTTR. The machine tool has three translational axes and two rotational axes, that is, X-axis, Y-axis, Z-axis, B-axis, and A΄-axis, respectively. According to ISO 10791-1 the axis that carries work pieces shall be shown with prim as this configuration for A΄-axis. The tool system is mounted on the B-axis and supported by the Zaxis. The work piece is mounted on the A΄-axis.
Geometric errors in machine tools are a product of many factors, such as kinematic errors, thermo-mechanical errors, loads and load variations, dynamic forces, as well as motion control and control software. Geometric errors of the machine tool depend on the error motion of each axes and those between linear and rotational axes. From rigid body kinematics viewpoint, every linear and rotational axis has six geometric error components including one positioning error, two straightness errors, and three angular errors called pitch, yaw, and roll respectively, that are position dependent. Error motions of linear and rotational axes are as shown in Figure 2 [19] .
Thus, the five-axis machine tool in Figure  1 has 30 position-dependent errors, which are shown in Table 1 . Here, the linear error motion in x directions are e xx , e yx , and e zx where the subscript shows the error direction; also, the angular errors motion in x direction are e AX , e BX , and e CX where the subscript shows the rotation axis of angular motion. The values of linear motion coordi- Table 2 . Position and orientation error parameters for a five-axis machine tool [21] nate of X-axis, Y-axis, and Z-axis are x, y, and z, respectively. The rotation angles of A΄-axis and B-axis are α and β, respectively. There are also position-independent errors in the machine tool, which are the location errors of an axis represented as an error from the nominal position and orientation of this axis in the machine coordinate system [20] . The reference straight line of a linear axis of motion represents its direction with two orientations [2, 18] . Location errors of a linear axis represent orientations of its reference straight line in the reference coordinate system (known as the machine tool coordinate system [2, 21, 22] ). Generally, a translational axis with regard to the nominal position has three location errors, that is, one zero position error and two orientation errors. It must be emphasized that location errors represent "average" positions or orientations, since, in principle, all zero positions of linear and rotary axes can be set to zero when checking the geometric accuracy of the machine tool. An example of location errors of Z-axis is shown in Figure 3 . rotational axis in view of the nominal position which has five location errors, v iz ; two position errors, two orientation errors, and one zero angular position error. However, due to selection of reference position and coordinate system, most of the location errors can be disregarded in real error modeling, leaving behind only orientation errors, like squareness errors here. In this research, the reference direction of the corresponding axis of each coordinate system is chosen as the real motion direction of X-axis; hence X-axis has no location errors. The plane through X-axis and Zaxis is chosen as reference plane, leaving Z-axis with one squareness error (E XOZ ), and Y-axis with two squareness errors (E XOY , E YOZ ). The rotational axis of A΄-axis and B-axis must be parallel to the ideal motion direction of Y-axis and Z-axis, respectively; hence B-axis has two squareness errors (E X(OY)B , E Z(OY)B ), and A΄-axis has two squareness errors (E X(OZ)A' , E Y(OZ)A' ).
Volumetric error modeling
Volumetric error modeling of a machine tool aims to develop an error model that comprises all geometric error components into a three-dimensional error map at the cutting point as it moves in the work space. Rigid body kinematics and HTM are used for volumetric error modeling in this paper. There are eight rigid bodies in the fiveaxis machine tool, with kinematic chain diagram shown in Figure 4 machine bed chosen as the zero-order body. Each rigid body is represented by a number, e.g., "1" represents X-axis. There [15] are two structural loops; one is from machine bed to work piece, and the other is from machine bed to cutting tool, and are represented by "work piece structural loop" and "cutting tool structural loop," respectively, in this study. The transformation matrix between rigid body q and the adjacent low-order rigid body p is described as: two structural loops; one is from machine bed to work piece, and the other is from machine bed to cutting tool, and are represented by "work piece structural loop" and "cutting tool structural loop," respectively, in this study. The transformation matrix between rigid body q and the adjacent low-order rigid body p is described as:
Where T PT Based on Eq. (1), the transformation matrix between bodies in the work piece structural loop and cutting tool structural loop can be obtained as: = (6) Where two structural loops; one is from machine bed to work piece, and the other is from machine bed to cutting tool, and are represented by "work piece structural loop" and "cutting tool structural loop," respectively, in this study. The transformation matrix between rigid body q and the adjacent low-order rigid body p is described as:
and T MTE q p are position transformation matrix, position error transformation matrix, motion transformation matrix, and motion error transformation matrix of body q relative to body p. Fig. 4 . kinematic chain diagram of five-axis machine tool.
Based on Eq. (1), the transformation matrix between bodies in the work piece structural loop and cutting tool structural loop can be obtained as: = (6) are position transformation matrix, position error transformation matrix, motion transformation matrix, and motion error transformation matrix of body q relative to body p.
Based on Eq. (1), the transformation matrix between bodies in the work piece structural loop and cutting tool structural loop can be obtained as: two structural loops; one is from machine bed to work piece, and the other is from machine bed to cutting tool, and are represented by "work piece structural loop" and "cutting tool structural loop," respectively, in this study. The transformation matrix between rigid body q and the adjacent low-order rigid body p is described as: = (4) 
Where p ix , p iy and p iz (i = 1, 2, 3, 5, 6) are the position coordinates in each position transformation matrix between bodies. The work piece and cutting tool are fixed on the A΄-axis and B-axis, respectively, and is considered as no errors. p wx , p wy , and p wz are the relative position coordinates between the coordinate systems of the work piece and A΄-axis. Similarly, p tx , p ty , and p tz are the relative position coordinates between the coordinate systems of the work piece and B-axis. The position coordinate vectors of the cutting point in the coordinate system of the work piece and cutting tool are Pw and Pt, shown as:
The volumetric error vector Ev is shown as Eq. (11), which can be solved by Eq. (12).
Ev = [Pvx Pvy Pvz] (10)
Where E V is the volumetric error homogenous transformation matrix representing position and orientation errors between the cutting tool and work piece. The position vector component of E V represents the translations in the tool point's coordinate frame that must be made to the tool point in order to be at the proper location on the work piece.
[Ev 1] = [Evx Evy Evz 1] (11)
Where p ix , p iy and p iz (i=1, 2, 3, 5, 6 ) are the position coordinates in each position transformation matrix between bodies. The work piece and cutting tool are fixed on the A΄-axis and B-axis, respectively, and is considered as no errors. p wx , p wy , and p wz are the relative position coordinates between the coordinate systems of the work piece and A΄-axis. Similarly, p tx , p ty , and p tz are the relative position coordinates between the coordinate systems of the work piece and B-axis. The position coordinate vectors of the cutting point in the coordinate system of the work piece and cutting tool are Pw and Pt, shown as:
The volumetric error vector Ev is shown as Eq. (11), which can be solved by Eq. (12) .
Where:
Compensation strategy Generally, the volumetric error compensation works in two ways: the feedback interruption compensation and origin shift compensation [2, 12, 22] . The feedback interruption compensation works in such a way that the phase signal is inserted into the feedback loop of the servo system. This method is applicable to most CNC machine tools, however certain attention needs to be paid since the inserted signal can easily interfere with the machine feedback signal. At the same time, the origin shift compensation can avoid this problem by sending the compensation signal to the CNC unit. The CNC unit then controls the Program Logic Control (PLC) unit to initiate a shift in the zero position of axes under inspection. This online compensation method does not rely on the modification of the hardware but is only applicable to modern CNC machines. Nonetheless, current commercially available numerical controllers is only capable of dealing with a small proportion of errors [23] [24] [25] . Majority of the error compensation are realized by designing new software or modifying NC codes [2] . In this article, a new tool path have been generated. Due to errors, for a machine without compensation device, the actual position of the tool always deviates from the nominal position, and the actual position attained by the tool becomes equal to the sum of the nominal position and of the errors that occur at the nominal position. In this paper, the fundamental thought of compensation is to predict the error at the given nominal position and to eliminate the error from the nominal position before the nominal position is, in turn, converted into the motion commands (joint commands). Thereafter, the new command, termed the error-compensated trajectory T c is sent to the drive system. The error-compensated trajectory is defined as:
Where Ti is the initial trajectory; T c is the trajectory compensated position and Δ(Ti) is the error at the nominal trajectory. Consequently, if the tool is commanded to move to T c , the actual position attained by the tool is given by: (12) Where:
Where p ix , p iy and p iz (i=1, 2, 3, 5, 6) are the position coordinates in each position transformation matrix between bodies. The work piece and cutting tool are fixed on the A΄-axis and B-axis, respectively, and is considered as no errors. p wx , p wy , and p wz are the relative position coordinates between the coordinate systems of the work piece and A΄-axis. Similarly, p tx , p ty , and p tz are the relative position coordinates between the coordinate systems of the work piece and B-axis. The position coordinate vectors of the cutting point in the coordinate system of the work piece and cutting tool are Pw and Pt, shown as:
Where Ti is the initial trajectory; T c is the trajectory compensated position and Δ(Ti) is the error at the nominal trajectory. Consequently, if the tool is commanded to move to T c , the actual position attained by the tool is given by: (13) Where p ix , p iy and p iz (i=1, 2, 3, 5, 6 ) are the position coordinates in each position transformation matrix between bodies. The work piece and cutting tool are fixed on the A΄-axis and B-axis, respectively, and is considered as no errors. p wx , p wy , and p wz are the relative position coordinates between the coordinate systems of the work piece and A΄-axis. Similarly, p tx , p ty , and p tz are the relative position coordinates between the coordinate systems of the work piece and B-axis. The position coordinate vectors of the cutting point in the coordinate system of the work piece and cutting tool are Pw and Pt, shown as:
Where Ti is the initial trajectory; T c is the trajectory compensated position and Δ(Ti) is the error at the nominal trajectory. Consequently, if the tool is commanded to move to T c , the actual position attained by the tool is given by: (14) Compensation strategy Generally, the volumetric error compensation works in two ways: the feedback interruption compensation and origin shift compensation [2, 12, 22] . The feedback interruption compensation works in such a way that the phase signal is inserted into the feedback loop of the servo system. This method is applicable to most CNC machine tools, however certain attention needs to be paid since the inserted signal can easily interfere with the machine feedback signal. At the same time, the origin shift compensation can avoid this problem by sending the compensation signal to the CNC unit. The CNC unit then controls the Program Logic Control (PLC) unit to initiate a shift in the zero position of axes under inspection. This online compensation method does not rely on the modification of the hardware but is only applicable to modern CNC machines. Nonetheless, current commercially available numerical controllers is only capable of dealing with a small proportion of errors [23] [24] [25] . Majority of the error compensation are realized by designing new software or modifying NC codes [2] .
In this article, a new tool path have been generated. Due to errors, for a machine without compensation device, the actual position of the tool always deviates from the nominal position, and the actual position attained by the tool becomes equal to the sum of the nominal position and of the errors that occur at the nominal position. In this paper, the fundamental thought of compensation is to predict the error at the given nominal position and to eliminate the error from the nominal position before the nominal position is, in turn, converted into the motion commands (joint commands). Thereafter, the new command, termed the error-compensated trajectory T c is sent to the drive system. The error-compensated trajectory is defined as: Tc = Ti -Δ(Ti) (15) Where Ti is the initial trajectory; T c is the trajectory compensated position and is the error at the nominal trajectory. Consequently, if the tool is commanded to move to T c , the actual position attained by the tool is given by: Ti = Tc + Δ(Tc) (16) Where is the error at the error-compensated trajectory. Figure 5 demonstrates the whole concept of software compensation. In software compensation, the initial trajectory of tool entered compensation package and the compensation process was performed using a kinematic model. The compensated trajectory is overwritten. Finally the relevant code is generated.
CASE STUDY Identified geometric errors
As earlier mentioned, error identification is the initial step in the error compensation strategy. After the error models are specified for all possible error sources, the next step is the measurement that should be conducted to determine the errors [7] . The measured results are capable of providing compensation parameters for the third step (error compensation). After characterization of the errors in the given error models, error measurement strategies are developed based on the geometric characteristics. However, many errors may be superposed or overlapped in the course of their measurement. Thus it is difficult, sometimes impossible, to distinguish them in a single measuring process. To overcome this challenge, various methods using a wide variety of testing devices are proposed to deal with different errors. These measuring methods can be generally categorized into two approaches: direct measurements and indirect measurements [20] . The direct measurements refer to those measurements dealing with single errors. In this method, particular precision artefacts are used as measuring references; for instance straight edges, linear scales and step gauges [20, 26] .
Dial gauges are used in conjunction with the above measuring references to indicate the values of errors. These methods have been used for decades and are included in national and international standards [19, 27] . Nevertheless, they are still widely used due to their ease of use and simple structure. Another method is laser-based measurements which use a laser beam as the length measuring reference due to its great spatial coherence. An extensively used measuring device is the laser interferometer that enables the measurement of linear positioning errors of single axes. Its application has been expanded to enable the identification of all 21 geometric errors of three-axis machine tools by measuring the positioning errors along body diagonals or other specified directions [28, 29] . With different optics, errors such as angular errors, straightness errors and squareness errors of linear axes can be determined [19, 30] . In measurement, indirect measuring techniques work with motions involving multiple axes to analyze the machine accuracy [21] . The indirect measurements require a specified test piece with particular geometries and shapes (e.g. a cone frustum) mounted on the machine under test, and is thereafter measured on a Coordinate Measuring Machine (CMM) [31] . The outcome of this method is influenced by a number of factors including the machining condition, accuracy of the CMM used, tool wear etc, and not just the geometric errors. Another indirect measurement is that of contour measurement, with multiple axes moving along a predefined path simultaneously [32] . Circular paths with two linear axes moving simultaneously [33] , circular paths with two linear axes and one rotary axis moving simultaneously [34] and three-dimensional helix paths with three linear axes moving simultaneously [35, 36] are all possible trajectories for indirect measurements. Commercially available measuring equipment capable of contour measurement includes 3D ball plates [37] , laser tracers [38] , the R-test system and the DBB [39] etc. Below is a brief description of each of these.
From the aforementioned explanation in this study, the direct methods used for measurement of geometric error of five-axis CNC machine tools have been conducted according to [32] . Table 3 demonstrates the geometric error data measurement result. The standard test described here use artefact (e.g. a precision sphere or a straight edge) and a linear displacement sensor. 
EXPERIMENTAL RESULTS
To verify the feasibility and effectiveness of the developed geometric error compensation method, an experiment was conducted on a fiveaxis machine tool. Its strokes are X450 Y310 Z500 (unit: mm) for linear axis and A΄ [0, 360], B [-90, +90] (unit: deg) for rotation axis. Compensation experiments have been conducted using a five-axis machining center with the configuration controlled by a Heidenhein iTNC530 CNC shown in Figure 1 . The steel alloy work piece was clamped on the rotary table of a five-axis machine tool. Summary of the process parameters of the test piece investigated has been shown in Table 4 .
From the volumetric error model and software compensation in the preceding section, the experimental analysis of volumetric error in cutting point with regard to each error component can be made, and will be helpful in the improvement of machining accuracy. The work piece machining accuracy is guaranteed due to position of the cutting tool center point (TCP) in relation to the work piece. When kinematic errors are accurately identified enabling the error in the tool position and orientation to be estimated using the kinematic model, then their equivalent tool path in work piece coordinate system can be calculated using Eq. 10. Error compensation can be applied to reach the ideal position and orientation by changing the reference trajectory; hence the following simple error compensation scheme is adopted to cancel the effect of kinematic errors. Figure 6 reveals the compensated machining error trajectories for both bottom and top surfaces of the machined work pieces. From compared uncompensated trajectories, it is observed that by applying the error compensation scheme, error path trajectory is improved from 17.3 to 10.1 μm at bottom and 19.5 to 11 μm at top surfaces of the machined work pieces, thus leading to significant improvement in machining accuracy.
As previously mentioned, E V is the resultant volumetric error and P vx , P vy and P vz are the volumetric error compensation components in X, Y and Z directions respectively. X, Y and Z axes volumetric error components are calculated using volumetric error model in Eqs. (8) - (10) . Figure 7 includes the forward (F) and reverse (R) direction of the axis slide movement with respect to each axis volumetric error compensation. Only the measured parametric error data were used during computation of the volumetric error values.
If it is assumed that the geometric errors are accurately modeled and measured, all 37 errors can be compensated to improve the accuracy of the machine. In Figure 8 , the error map result was graphically illustrated for surface comparatively before and after compensation. The maximum absolute deviation is about 0.009 mm; and after applying the compensation algorithm, the maximum deviation is limited within 0.0008 mm.
CONCLUSIONS
From the results, error compensation can be observed to effectively reduce machine tools error and enhance the machining accuracy compared with the test without compensation. To compensate for the errors, these have to be identified and measured. In terms of five-axis machine tools, fast, simple and reliable measurements are necessary to enable efficient error compensation. Current methods either take a long measuring time, or require considerably expensive equipment. To surmount the above drawbacks, research objectives including developing simple and fast measuring methods are proposed. Topologies of five-axis machine tools are explained and error identification and systematic geometric error sources are discussed in detail. 37 position-dependent and position-independent systematic geometric errors out of 52 potential errors of five-axis machine tools were identified and examined. This modeling technique is quite simple, comprehensive, robust, and easy to calculate, analyze and synthesize the geometric errors of five-axis machine tools for finding the volumetric workspace errors without unnecessary calculation and free from errors and mistakes.
Conversely, there are other error components that affect the performance of the machine tools, for instance, thermal errors, cutting force, tool wear etc., which needs to be corrected simultaneously. The existing research works are focused on correcting a small part of those errors. Thus further investigations need to be conducted on all of the error components, or at least most of them.
